Figure 3.1

The Val ue of Information
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var{ps(xo)} is the variance of full information demand prices for the
quality of x pruchased with inperfect information. dp°(x%) is the steepness
dx

of the inconplete information, inverse demand curve. The val ue of
information is therefore an increasing function of the dispersion of denand
prices and of the price sensitivity of demand.

3.3 Logarithmic Uility Functions

We now begin the process of relaxing the strong assunption of constant
marginal utility. First we consider the issues for the special case in
which the utility function takes on the sinple form

n
U =% 0.1nB;X;s ©;, B; 20
i=1
where 0 = Q(s) and 8 = B(s)

In the absence of further information about the true state the consuner
chooses a consunption bundle x° yielding the solution of

Max{Eu(x;s)[p'x < M}
S
Note first that we can rewite U as
U = ?Oilnﬁi + ?@ilnxi
1 1
Therefore x° is the solution of

Max{EZ@ilnxi]p'x < M}
s

It follows that information leading to a change in beliefs about the vector

8 but not o has no effect upon the optimal consunption bundle. In particular
suppose the only uncertain paraneter is B.. For example a consumer might be
uncertain about the quality per unit of a particular commodity. Then for
the logarithnic case information about the true value of B has no effect

upon the optimal consunption bundle x°. Mreover the know edge that By will
be known prior to the tine of purchase has no effect upon the ex ante

utility level. That is, the value of perfect information about Bl is zero

To generate a mpbdel in which information changes actions we therefore
focus upon cases in which the vector 0 = (935...,0 ) is uncertain. Wthout
further l1oss of generality we may set 8 = (I,1,...51).

Consi der the case in which

Ol = s

0; = (1 - s)yi i=2,...,n
n

where I Y; < 1

2

Such a consuner is uncertain about his marginal valuation of conmodity
1 relative to all other commodities but always spends his income on
commodities 2,...,n in the same proportion. Gven constant prices we may
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apply Hick's aggregation theorem and wite the objective as

Max{g(slnxl + 0 - s)lny)[pyx, +y = M) (3.12)

In the absence of further information about the true state this
probl em reduces to the certainty equivalent problem

Max {glnxl + (1 - g)lny[plxl + vy < M} (3.13)
Xq,Y
1
Sol ving we have:
U = Slns + (1 - 5)In(l ~ s) - slnp, + InM (3. 14)

Having paid V for perfect information about the true state the consuner
chooses x(s) to yield the solution of:

Max{slnxl + (1 - s)lnylplx1 +y < M- v}

X k4
1 M

Since this problemhas exactly the form of problem (3.13) the solution u(s)
takes the formof (3.14). W have

u(s) = slns + (1 - s)ln(l -~ s) - slnpl + In(M - V)

Then the expected utility with full information prior to purchase is:
U* = E{slns + (1 - s)} - slap; + In(M - V) (3. 15)
S

The val ue of information V* is then the level of V such that t° and U* are
equal .  Equating (3.14) and (3.15) and rearranging we have

~-In(1 - %i) = E[slns + (1 - s)In(l - s)] - [slns + (1 - s)1n(l - s)]
° (3.16)

The first bracketed termis a strictly concave function and the second term
is the value of this function at &, the nmean |evel of s. Then by Jensen's
inequality this expression is necessarily positive. Expanding both sides
using Taylor's approxinmation we also have
.oid
2[s +

1
M ——_;)—]var(s) (3 17)

(1
= var(s)/2(1 - s)s

It is interesting to conpare this with the 'consuner surplus' estimate of
the previous section. For the logarithmic utility function:

ps(x) = sM/x
Substituting into (3.13) the Marshallian approximtion can be witten as
Mvar(s)Zg

Comparing this with (3.17) it follows that the Marshallian estimte of the

val ue of perfect information is biassed downwards by a factor of (1 - s).
The two estimates differ because in the logarithmc case a change in s
changes not only the demand curves for x, but also the danmand for other
goods y. Wen the triangles corresponding to those in Figure 1 are conputed
for both xq and y and the average areas are added together the resulting
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estimate of V* is indeed (3.17). Al this suggests that the average area
calculation is capable of further generalization. In Section 3.4 we shal
see that this is indeed the case

We conclude this section with a conparison of the exact value of
information given by equation (3.16), wth the approximtion given by equation
(3.17). Suppose s takes on two values s + € and s - € wWith equal probability.

Let
-1n(1 - %i) = A
Then
vk = M(1 - e P
where from (3.16).
A = %[(g+e)ln(l‘*%)"’(g—t:)ln(l—sg—)"'(l--s-—e)ln(l—l—f.sT)-l*(l-—'s-—e)1r1(1+~1—f§—)]
Also from (3.17)the approximation to the value of information can be
expressed as:

1 1
G -3
Conput ational results are sunmarized in the follow ng tables
Note that v*(s) = v*(1-s) and v; = V;(l—s). Therefore the value of informa-

tion for 5 =.7, .9 .99 can also be obtained fromthe two tables.

\Y +

£ - M2
a 2E

Compari son of these tables indicates that the approximation is
remar kably good over the whol e range of feasible values of s. For exanple
the nmean difference between the ten conputed values of V% and V* expressed
as a percentage of V*, is less than 6.5% This is reason for having sone
confidence that the results developed in the next sections tield reasonably
good approxi mations of W*

3.4 Ceneral Wility Functions

W now consi der the value of perfect information for any utility
function u(x;s) which is twice differentiable in x and s and strictly quasi-
concave in x. In contrast to the above discussion we allow not only x but
also s to be a vector.

Suppose first that perfect information is provided at no cost. Then
the consumer chooses x(p;s) yielding the solution of:
u(s) = Max{u(x,s)[p'x < M} (3.18)
The expected utility thereby achieved is:
u*x(M) = gu(X(p,S);s)
t'I'thh?Ut the information the consuner chooses x° to achieve an expect ed
utility of:

uO(M) = Max{Eu(x,s)!p'x < M}
x
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Table 3.1

The Value of Perfect Information as a Percentage of Incone

\ 01 10 .30 .50
or 696 056 024 020
.10 7.215 2. 387 1.994
.30 23.994 17.532
.50 50. 003
Table 3.2
Approxi mation of the Value of Perfect Information
as a Percentage of Incone
o s . 01 .10 .30 .50
.01 . 505 . 056 . 024 . 020
.10 5. 556 2.417 2.000
.30 21. 750 18. 000
.50 50. 000
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Let s° be that value of s so that:
o o
x = x(p,s )

Then the increase in utility associated with having perfect information

wr() — u®() = Elu(x(p,s)58) - u(x(p,s°)38)]
Expanding the right hand side according to Taylor's approximation we have
u* (M) - uo(M) = E[(X_XO)'UX +-%(x—xo)'uxx(x—xo) + (x—xo)'uxs(s—so)+...23 19

Since x(p,s) is the solution of (18) it nust satisfy the Kuhn-Tucker
necessary conditions for the follow ng Lagrangian:

L(x;A3s)= u(x;s) + A(m-p'x)
Assumng that x(p,s) is an interior solution we have:

L, = u (x(p,s);s) - Ap=0 (3.20)

Then the first term inside the bracket of expression(3.19)reduces to:
(x—xo)'kp = Ap'(x-xo) = X(P'X—P'Xo) =0
Moreover, differentiating(3.20)with respect to both s and p we have:
x = Al + p)' 3.21
U, PA (3.21)

and

u x +u
X S

y = pA (3.22)

Xs
Linearizing the demand curves x(p;s) we have:
(x-x") = x_(s-s%) (3.23)

Prior to the receipt of information x(p,s) is a random variable. Then

actual demand x, can be thought of as a random drawing from the set

X = {x|x = x(p,s);s € 8}, The Marshallian demand price vector associated with
consunption vector x° is therefore:

p = {Pix(;,s) = x}
Then

x - x° % xp(é-P) (3.24)

Wilizing (3.22)we can rewite the third termin the bracket of (3.19)as
foll ow

(x—xo)'uxs(s*so) (X—XO)'(PX; —Uxxxs)(s-so)

(x—xo)'pl; (s-s°) - (x—xo)'uxxxs(s—so)

The first termon the right hand side is zero since p'x = p x_. Then
using the linear approximtion (3.23)we have:

(x—x°)'uxs(s—so) 2 —(x—xo)uxx(x—xo)
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The increase in utility associated with having perfect infornation can
therefore he approximted as follows:

ux (M) - u° M) = %E(;—XO)'UXS(S—SO)

S
~ 1 .7 oy )
N -EE(x-x )'u  (x=x7) (3.25)
Substituting for u N and x-x" from (21) and (24) we have:
X
wr () - o) T - %E(x—xo)‘(kl+pké)(;—P)

1 ~ .,
= - JE{(p-p)" (x-x")2}
From the first order conditions we have:

Au* ()

oM = B

Therefore, ignoring the inpact of variation across states in the marginal
utility of income we have:

o _ 1 ju* - ~

uk(M) - W) = - S Lo E{(p-p)'x_(p-p)} (3.26)
For the final step we note that the value of information is that |evel V*
such that:
ux (M=v*) = u® Q).

Taking first order approximation about V* = 0 we have:

uR(M = VX) T uk(M) - %k(mv* (3.27)
Conparing (3.26)and (3.27)it follows that:
VE - JE(p-P) 'x_ (p-P) (3.28)

Suppose only the demand price of commodity 1 varies with s. Then:

Conparing this with expression (11) it follows that our approximation does
correspond to that obtained in Section 3.2.

Simlarly, for the logarithmic utility functions it is a straight-
forward exercise to show the approxi mation given (3.28) reduces to the
expression obtained in Section 3.3.

3.5 The Value of Inperfect Infornation

The preceding sections were concerned with val uing infornmation which
elimnated all uncertainty about the effects of consuming various goods.
V* represented what the consuner would pay for perfect information about s.
But it is seldomfeasible for research to elimnate all uncertainty about
the characteristics of goods. Realistically, investigation only narrows
the range in which the true characteristics lie, decreasing but not

36



elimnating the dispersion of the consunmer's probability distribution over
s. In this section we ask how nuch a consumer would be willing to pay for

such inperfect informtion.

The outcome of the research the consumer conmissions, or _nessage he
receives, will be denoted by a ¢ A where Ais the set of possible results.
Before the research is conducted a is a random variable in the mnd of the
consuner . I[ts relation to the uncertain state of the world is enbodied in
a subjective joint probability distribution function F(a,s) over A x S;

F(s), F(a), F(s|a) denote the associated narginal and conditional probability
di stributions. This pair [A F(a,s)] is the information structure whose
value we wish to determ ne.

If the information is provided at no cost, and if only s not the
message itself affects his ultimate welfare, then upon receiving othe
consuner chooses x(p,a) = X to obtain conditional |evel of expected utility

Esl; u(x;s) = Mix{Eslau(x;s){ p' x < (3. 29)

Prior to the receipt of a, x is a randomvariable, given a it is no
| onger random even though s may still be unknown. The anticipated |evel
of expected utility prior to receipt of the nessage, depending both on the
information structure and incone, is:

ey = E, , ux;s) = EaEslau(§2S)~ (3.30)

As before, the consumer chooses x° without the information to achieve an
expected utility of:

@) = Max {Esu(x;s)l p'x < M}
x

and the increase in expected utility associated with having the information
structure is:

* -~

w (M38) - ®0) = EE | [u(x;s) - uGx";s)]. (3.31)
Expanding _the inner expectation of the right hand side in a Taylor series in
x around x vyields:

Eglo [uxis) - uGx®8)] = -Eg [u(x®s) - uGxs)]
= Bl [ 67 -0y, + 12 6° 0 e 6 )+
(3.32)
Recal ling that x was the solution to (29), and form ng the Langrangi an

L(x,Aza) = Es|au(X;s) + A(M-p'x),
x nust satisfy the first order condition:
L, = Esla u (x;58) - ap = 0. (3.33)

The scal ar x denotes the expected marginal utility of income conditional on
research outcome o being received. Differentiating

with respect to p provides the additional relation (3.33)
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~1

[E u N N
sia xx]xp A+ pxp, (3.34)

Note that A, x_., x, Ap are non-random once « is reveal ed.
Substituting (%,33) into the first conponent of the right hand side of (3.32)

tells us that
- o -~ -~ -
Es!a (xo—x)'uX = (x —x)'ESIauX = x° x)'pr =0
since x° p - x'p = Mfromthe budget constraints
Hence(3.31) is approximated by:

u (M34) - u () [-1/2 %) "u (x°-%)] (3. 35)

[

E E
as|a

1(x%-x)

-1/2 Ea (x°-x)" [Es[auxx

Now define the Marshallian demand price vector 5 associated with the
consunption vector x0 conditional on message a being received as:

P = {5: x(p,a) = x°}.
Li nearly approxinating the denmand function for given a around p gives
(x°-x) = ip (p-p) - (3.36)

Substituting(3.36)into the right hand side of(3.35)yields

-1/2 B 70" [Eg) qu, Jx (P-p)

which can be witten utilizing relation (34) as:
-1/2 B, x°=x)" [AT + pA"T (o-p).
The (xo—i)';i;(ﬁ—p) portion of their expression vani shes

since (i0~£)'p = p'xo - p'x = M-M =0 from the budget constraints.
Usi ng(3.36)again on the remaining portion of the expression results in:

* =~ o~ ~ ~
u (M34)-u @) = ~1/2 By} (2-p) "% (3-P). (3.37)
Prior to receipt of the nessage the expected marginal utility of incone is
3u” (M;4) -
u 3 =
T = EA.

If the effect of messages on the slopes x, of the demand curves is
negligible, and if we ignore any correlation between X and the remaining
quadratic form in(3.37),then the expected gain in utility my be witten
al most precisely as in (3.26): N

Cosa-we = -2 8 e 1Gp) ' Gop) ] (3.38)

- , . *
Anal agously defining the value of the information structure as Vv A

for which:
* * o
w v a) = W0,

one obtains a first order approximation to V* of
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VE = 2172 Ea(ﬁ—p)'xp(fn—p). (3.39)

Although it is an approximtion,(3.39)provides a consistent estimate
of the value of inproving a consumer's estimate of s over a w de range of
information structures. For exanple, if the research will provide perfect
information, as when A coincides with S and « = s, then(3.39)is identica
to(3.28). If the research outcone in fact sheds no light on s, so that
x(p,a) = x° for all outcomes, then p = p for all o and(3.39)indicates
V*A = 0. Mre inportantly,(3.39) makes it clear that research whose
results would not change consunmers' behaviour is valueless, even though it
may significantly inmprove estimates of s in a purely statistical sense

One final check on the plausibility of(3.39)as an approxinmate
indicator of the value of inperfect information about the consequences of
consumng various goods is to verify that information never has a negative
value. Such a result must follow if the outcome of the research itself,
as opposed to the true characteristics of goods s, has no direct effect
on the consumer's utility. That(3.39)has this property can be denonstrated
as follows. Assuming as we have that the slopes of the unconpensated
demand curves as indicated by x_ = [8x./9p.] are unaffected by the outcone
of the research a, these slopes®will bé idéntical to those of the demand
curves if no information was to be received. Using the Slutsky relation
of conventional demand theory

3x./9p. = 3x°/3p. - x_ox_/oM
] i 3 j i

in which X?/Bp_ is the slope of the income-conpensated demand curve for
C

good i with'respect to the price of good j, we can expressx_ as x& - x X
in which x = x_ is the consunption point at which the derivaPives are
eval uat ed. Inserting this expression for g into(3.39)gives us the

alternate form

v = ~1/2 Ea(ﬁ—p)'[x; - xMxo'] (P-p)-

But since p'x° = 5'x° = Mfromthe budget constraints and definition of P,
the second conponent of the inner bracketed expression becomes 0 when
multiplied by (p-p). Thus(3.39)can be alternately witten as
< = c,.=

Vi = -1/2 Ea(P_p) 'XP (P‘P) . (3 40)
The Stutsky matrix x° is known to be symetric and negative semdefinite
Hence the expectatioR of the quadratic formin(3.40)is non-positive and
V¥ nmust be non-negative for all information structures.

3.6 Information and Price Adjustnent

As analyzed in Section 3.1 of this report, information is valuable to
the extent that consunption plans change with the message received
Loosely, the greater the optimal adjustment to the different messages the
more an individual is willing to pay ex-ante for the provision of the
information. Ignored, however, is the possibility that the receipt of
information will have significant price effects.

Inplicity in such a formulation is the assunption that prices are
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largely determined by cost conditions rather than the intersection of
supply and demand curves. Wiile this is a natural first approximation
for a variety of applications it is particularly inappropriate for non-
produced commodities of uncertain quality. One inportant case is the
adjustrment of land prices to reflect differences in air quality in an
urban environnent. It is this case that we shall focus on in the follow
ing sections.

We begin in Section 3.7 by illustrating the inmplications of price
adj ustmrent on the value of information for a sinple exchange econony.
It is shown that all agents in an econony may be made worse off by the
announcenent that the true quality of a product will be made known prior
to trading. Essentially the anticipation of information introduces an
additional distributive risk which reduces each individual's expected
utility. It is shown that each agent would prefer to engage in a round
of trading prior to the revelation of product quality, thereby insuring
hi neel f agai nst an undesirable outcone.

The in Section 3.8 a sinple urban model is developed in which a
fixed number of individuals nust be located in two regions. The equilib-
rium allocation of individuals is first examned. Sinple sufficient
conditions for higher inconme groups to locate in the preferred environ-
ment are established.

Surprisingly, it is shown that under non inplausible alternative
conditions both tails of the income distribution may locate in the
preferred environnent.

Section 3.9 asks what allocation of land and goods maximze a
symretric social welfare function. Starting with income equally distribut-
ed it is shown that optimzation in general requires an incone transfer
fromthose living in one zone to those in the other. Under the conditions
which inply that in equilibriumthe rich will locate in the better
environnment, it is optinmal to transfer income to those in the better
environment from the renminder of the population! The intuition behind
this paradoxical conclusion is then devel oped.

Finally, Section 3.10 focusses on the inplications of conducting
research to resolve uncertainty about the nature of the environnental
hazar d.

3.7 Information About Product Quality with Negative Social Value

Consider a two person econony in which aggregate endowrents of two
commodities, X and Y, are fixed and equal to unity. Both individuals
have utility functions of the form
1/2

+ vy i=1,2

u(Xi,Yi;O) = (Oxi)l/z

where 0 is a paraneter reflecting the 'quality' of the product. Prior to
trading © i s unknown but both individuals believe that with equal
probability © takes on the values 0 and 1.
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Then the expected utility of agent i is:
o _ . _ 1
Wthout |oss of generality we may set the price of y equal to unity. Then
each agent chooses (Xi’yi) to maximze U subject to a budget constraint

o pry ty; < Px; ty,
wher e (Xi’yi) is the agent's endownent

Since U° is strictly concave the following first order condition yields
the gl obal naxi num

1/2
3U° v 1 -1/2 /1 -1/72 1 yi\ / _
S/ T w0 T Ay TP
- 1 .
3 x 9y \1/

1

Then:
y. 2
== 4p i=1,2 (3.42)
i
[t follows that
Zyl 2
L=g, =P
1

Thus the equilibriumprice of x is 1/2 and fron(3.42) y. = x_., i = 1,2.
Suppose (¥;,¥,) = (1,0) and (x,,¥,)= (0,1). Then fromthe Budget
constraint it is a’straightforward matfer to show that

(x>¥,) = (1/3,1/3) and (x,,¥,) = (2/3,2/3)

From(3.41)theexpected utility of the agents is given by:

1/2 /2
v =3 i =(§j

1 z 2 2
Next suppose that research is to be conducted which will reveal the
true state prior to any trading. |If & = 0 the endowrent of agent 1 is
val uel ess hence there can be no trade ex post. Then:

ul(e=0) =0 and u2(@=0) =1

If 6 = 1 each agent has an ex-post utility function:
_ /2 1/2
u =Xy 4+ ¥

Applying an al nost identical argunent to that nade above, it can be shown
that for such preferences the equilibriumprice of x is unity and both
agents consume half the aggregate endowrent.  Then:

u, (0=1) = 21/2 _ u, (6=1)

Prior to the revelation of the information both agents place an equa
probability on the two possible states. Thus expected utility levels
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with the information are:
Uy = 2u; (9=0) + Tu_(p=1) =/i>l/2
1 = g lemt) F5u (o 12

and
* 1 + 21/2

1 - 1 - =T
U '5112(@“0) + 7112(@ 1) 2

* 2 o 2
Then (Ul) - (Uz) 1/2 - 3/4 < Q

2 o2 3+ 2/2 6
- U) =T T

*
and (U,) <0
The prospect of information prior to trading therefore creates a distribu-
tive risk which reduces the expected utility of every agent!

Each agent would therefore like to insure hinself against such risk.
It follows that there are potential gains to opening the commodity
market prior to the announcement of the true state. Since the future
spot price of Xrelative to Y, p, i s independent of individual endownents
it follows fromthe above analysis that p = 0 if ¢ = q and 13 =1if o - 1,
that is:

p(@) =0; 0 = 0,1
If the spot price of X is p, agent i can select bundles (xi,yi) satisfying
px; *y; T PRy H Yy (3.43)

When the state is announced the agent then makes a second round of
exchanges subject to the contraint:

p(e)x () + y;(0) = B(dx; +v. o =1,2 (3. 44)
But if © =0 the future spot price p(e) = 0. It follows that there
will be no trading after the announcenent, that is:
(xl(O),yl(O)) = (xi,yi)
if =1 the future spot price, p(e) = 1. Gven the symmetry of the

indifference curves each agent will trade in such a way as to equalize
his spending on the two commvpdities.

X, + 7. x, + y,\1/2
1 1 1 1
Then (x; (1)5y. (1)) ’( 5 , 5 )

Expected utility of agent i is therefore

L+ y.\1/2
_1.1/2 [%4 i
U (xi s yi) 275 +(———2 >

Wth a spot price of p, agent i chooses x. and y_.to maxinize U (x,,y.)

subject to his budget constraint(3.43). Thé first order condition for®
expected utility maximzation is therefore:
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U ( Xy . 1) -1/2

R F 3. 45
50 172 ~172 (3.49)
3y 2 -F(x. N\
¥4 2 43
* y. \
X 1 Exi
It follows that 5. is the same for both agents, hence equal to Iys =1

Then fron(3. 45)p ='1/2. Fromthe budget constraint(3.43)it foll owslt hat
x5y, = (1/3,1/3) and (x,,y,) = (2/3,2/3)

But this is exactly the consunption achieved by each agent in the
absence of the information. Therefore the prior trading just elimnates
the utll?esired utility risk, and the expected value of the information is
Zero.—

A central feature of this and the earlier results is that agents
correctly anticipate the price inplications of the state revealing
message. If consunmers are unaware of these inplications the analysis of
section 1 applies. Each will therefore place a positive value on the
i nformati on,

O course it is along leap fromthis sinple exanple to a general
proposi tion. However it does seem reasonable that there will, in general,
be a tendency for price adjustnents to offset the anticipated gains
associated with better information. Thus except in cases where there
are solid ground for arguing that prices are cost deternined, the
expressions for the value of information developed in Section 3.1 seem
likely to overstate true val ue.

3.8 Urban Location and Land Val ues with Environnental Hazards

One very inportant case in which price adjustnents to changes in
information are central, is that of urban location. To illustrate the
i ssues we shall consider a city which consists of two zones.

The utility of any individual living in the second zone is a concave
function U(x,y) of the area of his residence x and expenditure on other
commodities y. If provided the sanme bundle of commpdities in the

environnental |y affected first zone his utility drops to U(x,y)-s. That
is, s is the loss in utility associated with living in the "snoggy"
first zone.

Suppose each individua%/ purchases land from some outside |andowner and

all have identical incomes.=" Let Py be the price of a unit of land in
zone i. For those locating in the sécond zone the utility level achieved
is:
V(p,,1) = Max{U(x,y)[Pyx +y = I} (3. 46)
X,y

Simlarly for those locating in the first zone the utility |evel achieved
is:
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V(pl,I) - s = MaX{U(x,y)Iplx +y =1} -s. (3.47)

X,y
In the absence of constraints on |and purchases, the value of land in the
"snoggy” zone must fall until utility is equated in the two zones. Thi s

is depicted in Figure 3.2.

At the level of an individual consunmer, one neasure of the cost of the
snog is the extra income H that a person living in the second zone woul d
have to be given in order to make himwilling to nove at _constant prices.
In formal ternms this is the H cksian conpensation required to maintain the
utility level of an individual in the smggy zone at the higher |and val ue

P2 that is:
V(P,, T+ H) = V@, I) =V(,, I) +s (3.48)

This is also depicted in Figure 3.2

Wth this background we can now ask which individuals live where, if
inconmes are not equally distributed. For expositional ease we shal
restrict our attention to utility functions that are honothetic. Suppose
that income is distributed continuously. Then for sone income |evel I°
individuals will be indifferent between living in the two zones. W
t herefore have

V(Py, I°) = V(Py, I°) - s
An individual with income | > 1° locates in the snog free zone if and only
if:

V(Pz, ) > V(Pl’ I) - s

Consider Figure 3.2. Those with incomes of [° are indifferent between Cl
and €, and hence between C{ and Cy. Then

V(P,, I°) = V(P,, I° + H®) - s. (3. 49)
Mor eover given our assunption that those with incones of | locate in the
smog free zone, they nust prefer Dy to D1, and hence prefer D, to Dj. Then:

V(P,, I) > V(P,, I +H) - s (3.50)

Combining (3.49) and (3.50) the higher income group prefer zone 2 if and
only if:

V(PZ, I + H) - V(Pz, 1) < V(Pz, I° + H°) - V(Pz, I°) (3.51)
For the special case of honothetic preferences depicted in Figure 3.3 we

al so have

T |
0Cy ) 0D{
oC 0D
1 1
\
Mor eover, ODl 1 . ODl I+H
oc, T, an ocy T I, + H,
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Figure 3.2
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It follows immediately that:

Ho _H
I, I
We may therefore rewrite the necessary and sufficient condition (3.51) as
I, + H,
V(Pz,(-——I-o—)I) - V(Py, I) < V(P,,I, + H,) = V(P,,1,) (3.51)"

Note that the left and right hand sides of (3.51)' are equal for I = I,.
Then a sufficient condition for all those with higher incomes to prefer zone
2 is that the left hand side of (3.51)' be decreasing in I, that is:

1
T [(To + H)V (Py, T, + Ho) = IV (Py,To] < 0 (3.52)

In turn a sufficient condition for inequality (3.52) to hold for the required
H, is that it should hold for any H,. But this is the case if:

9

that is:

> 1 (3.53)

Thus with homothetic preferences a sufficient condition for the higher

income groups to prefer the smog free zone is that the income elasticity

of the marginal utility of income be greater than unity. Conversely, if each
of the above inequalities is reversed, it follows that with homothetic
preferences a sufficient condition for the higher income groups to prefer

the smoggy region is that the elasticity of marginal utility be less than
unity.

'We now note that this elasticity is also the coefficient of relative
aversion to income uncertainty. Arrow (1971) has argued that the latter
must be in the neighborhood of unity and increasing in income. Accepting
this conclusion it follows that there is no clear presumption that income
and environmental quality will be positively correlated. Indeed if relative
risk aversion is less than unity for low incomes, and rises above unity as
income increases it is possible for an equilibrium configuration with high
and low income groups sharing the smog-free region and middle income groups
in the smoggy region.

Of course this conclusion is very much dependent upon the underlying
assumptions. Suppose that instead of entering additively, the environmental
affects are multiplicative. That is, with the environment affected by an
amount s, utility is:

U.l (XsY)uz(s)
where u2(0) = 1 and ué(s) < 0.

Each consumer chooses x, y and his location to maximize the utility or,
equivalently, the logarithm of this utility, that is:
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1nul(x,y) - lnuz(S)-

Setting U(x,y) = lnu, (X,y) the problem becomes equivalent to the one

al ready analysed. Therefore higher incone groups will live in the snog
free areas if the relative risk aversion of an individual with a utility
function 1nU,(x,y) exceeds unity. Since 1n (-) is a strictly concave
function, th}s individual's relative risk aversion exceeds that of an
individual with a utility function U, (x,y). Therefore the sufficient
condition is weakened and the presunption that higher incone individuals
will live in the less environnentally affected area is strengthened

3.9 Optinmal Urban Location

In the previous section we considered sone of the positive inplications
of intra urban environmental differences. It turns out that there are
al so rather puzzling normative inplications, at least if one adopts the
usual approach of maximzing a symretric social welfare function. Suppose
that initially all individuals have the sane incone. Sone locate in the
snog-free zone and the rest in the snoggy zone. A naive view nmight be
that those living in the smg should be conpensated by an incone transfer
fromthose in the smog free zone. Not so, an economi st would al nost
certainly respond. If individuals are free to nove from one zone to the
other, land values will adjust to equalize utilities

While the response is correct as far as it goes, it does not necessarily
follow that the sumof all the utilities, or indeed any symmetric function
of each utility, is maxinmized as a result. For expositional ease we shal
consider only the Benthanmite welfare function. Let a; be the are of zone i
n_ the nunber assigned to this zone, n the total population and y the tota
ificome. W seek to mmximize the utility sum
2 a;
W —izini[b(;;>, vi) - 84l
subject to the constraints:

+ = 3- - . =
0y n2 n; nl}l + n,¥, vy

To solve we form a Lagrangi an

L=W+A(n -n, - n.) + =(v - -
( 1 nz) (v n v, nzyz)

Necessary conditions for a maximm are therefore,

aL .
~— =n (- ) =o0. (3.54)
3y, ity 7
and
i = P . H - —_ =
n, U(xi,yi) s, xiin A Wy 0 (3.55)
where =. = a./n..
p 1 1

Suppose that the optimal distribution of land and individuals is
(x(s.".v(s.,)) i =12
1 1
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Differentiating the two first order conditions with respect to s we
have:

d (U,) _
ds y 0
and
d (UX) _dy

U_x' + ! -1 - x' -
<X (s) Uyy (s) 1 - x"(s) U, - %37 e

Substituting for pfrom(3.54) this reduces to:
d (u) _ 1

S - (3.57)
Witing out the derivatives in (3.56) and (3.57) we therefore have,
I’UXX Uyy | x' (s) . F’[
U ' CTx |
],yx Yy y'(s) LOJ
Applying Cramer's rule yields:
1 Y 1 v
x'(s)=—; Y and y'(s) = - = XL (3.58)
u, | * H |
u u

where H is the Hessian matrix of the function Ux,y). Gven the concavity
of Uth® principal ninors of H nust alternate in sign thus x'(s) > 0. It
follows that the optimal plot Sizeis larger for those located in the snmoggy
zone.

Furthernore, substituting from (3.58) we also have:

dau _ _» '
s - X (s)UX +y (S)Uy
-1 (UXUYY ~ U}’ny)
X
H
u
[yl
(3.59)
U U
X Xy
U U
=_i y ¥y
X
H
u
||

Consi der an individual located in zone i facing a land price of P,
and having an income of I. Gven that he is to remain in this zone, he
chooses a consunption (xi,yi) yielding the solution of:

P + v =
Max{U(xi,yi)l ¥4 )i 1}
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I ntroducing the Lagrangian x (equal to the marginal utility of incone) the
following first order conditions nust be satisfied

Ux - Api

U = a
y

Suppose inconme | were increased. Differentiating the first order conditions
we have

U u ]

L}
xx  Vxy xi(I) P, . U

il _ AT () X

U (1
U Uyyl |¥; (D) 1

Then applying Craner's rule:

Ux ny
=1 oty Yy (3. 60)
a1 Aodl 1 H )
Combi ning (3.59) and (3.60) we have:
-1 %y
QH _ ;dI _ E(Xiyl)
ds 1dr ECGLT)
A dl
The expected utility of an individual residing in zone i is U(x,,y.,) ~ s_.
Therefore the change in expected utility as the smog level s indredses i3
1_‘(X.:I)
dau ARy
—_— - TS e— 7 361
as ~ 1 E(~,1I) ! ( )
Therefore if the right hand side is positive for any price P, and incone
level |, it is optimal for those in the snoggy zone to have 2a higher

utility. Conversely, if the right hand side is always negative it is
optimal to transfer incone to those in the |ess smggy zone

For the special case of honpothetic preferences examned in the previous
section (x,,I)=1. Therefore in such cases it is optimal to transfer income
to those in'the |ess snoggy zone if and only if the income elasticity of
marginal utility exceeds unity. Thus the condition obtained in section 2.2
ensuring that the higher income groups will locate in the |less snbggy zone
al so ensures that for a population with equal incomes, the utility sum
is maximzed with a transfer of income to those in the |ess snpbggy zone

Such paradoxical results have already been noted in the urban literature
by Mrrlees (1972) Riley (1974) and others, although the usual enphasis has
been on the inplications of differential transportation costs. Recent |y
Arnott and Riley (1977) have attenpted to explain the origin of these
results as a production asymetry. \Wile their analysis does not carry
over directly, to this nore conplicated case the basic issues are the sanme.

50



Suppose we begin with incomes equally distributed, as in Figure 3.2. Since
land is cheaper in the snbggy zone plot sizes are larger, unless land is a
Gffen good. That is, C; lies to the right of C;. Mreover, if land is

a normal good cj is above and to the right of Cy. Arnott and Riley note
that for a normal good the marginal utility of incone rises with a Hicks
conpensated fall in the price of the good. That is, the marginal utility
of incone rises around the curve fromcC; to ¢;. Wth diminishing marginal
utility of inconme marginal utility falls in noving from Cy to cf{. If the
latter effect outweighs the forner (and this will be the case with a
sufficiently high inconme elasticity of marginal utility) nmarginal utility
is lower at Cy than at Cy. Maximzation of any differentiable symmtric
social welfare function therefore requires a transfer of incone fromthose
in the low marginal utility, smoggy zone to those in the |ess snmpbggy zone

3.10 Uncertain Environmental Quality and the Prospect of Better |nfornmation

In the previous two sections we analysed the inplications of environmenta
quality differences for property values and locational choice. Gven the
sinmple formulation of the nmbdel, none of the results are changed if s is
reinterpreted as the expected utility |oss associated with a polluted
environment. W now consider the inplications for property val ues of
conducting research which would resolve the uncertainty about the hazards
of the pollution. For expositional ease we consider the case in which
the polluted region is small relative to the unpolluted region. Then to a
first approximation |land value and hence utility in the latter is un-
affected by such information. Continuing with our assunption of a
perfectly elastic response to any utility differential, it follows that
expected utility in the two regions will be fixed at sone |evel U. Then
prior to any consideration of research resolving uncertainty about the
environnmental hazard, the consunption bundle in the "rest of the world"

Cy and in the affected region ¢y yield the sanme expected utility level.
Tﬂis is depicted in Figure 3.4. Now suppose it is announced that research
will reveal the true level of s. For sinplicity suppose this takes one of
two values sg (=0) and sy. If s = 0 the utility level of individuals
inregions 1 rises to U + E(s). This attracts individuals into the region
and the price of land is bid up. Eventually the price of land reaches PO
and outsiders no longer gain from relocation. Simlarly, if s =sj the
utility of those inregion 1is U + E(s) - sy < U. Individuals therefore
| eave until the price of land falls to the point where the utility
differential is elimnated. Assumng individuals own their own hones
those renmaining in region 1 have ex-post budget constraints:

Pl(s)x +y = Pl(s)xl + Yy
Final consunption is therefore dependent upon the true state s. This is
also depicted in Figure 3.4. Note that in both states we have
U(Cl(S)) > U(Cy)

In anticipation of the release of the information about s, expected
utility in region 1 is therefore

E(U(C{(s)) - s) = EU(Cy(s)) - E(s) > U(C}) - E(s) =T
S s
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Therefore all honeowners in region 1 are made strictly better off by the
announcenent of the proposed research. As a result outsiders will w sh
to relocate in region 1. The value of land is therefore bid up to some
level p where the expected utility achieved by relocation once again

falls to U

The budget constrainst of those initially in region 1 and those noving
into the region are depicted in Figure 3.5 under the assunption that the
price of land junmps too quickly for significant speculative activity.

+x Suppose the fornmer group chooses a bundle (x*,Y*) and the latter
(x , y ). Each group of course anticipates retrading at a later point.
Since both face an expected |loss due to the environnental hazard of E(s)
we can wite the utility differential as:

A~ kX ~ A%k k%
U(x ,y ) - Ux ,y )
where U(x,y) —EV(p],p1x + y) is the derived utility function for both groups.
P

O course there is no sinple relationship between the indifference curves
for the derived utility function U(x,y) and the underlying function U(x,Yy)
However it nust be the case that those entering the region have the expected
utility level U. That is: U(X**’y**) - T.

~ * * -~ * % *&

It follows that U(x ,¥y ) - U(x ,y ) is the gain in expected utility
for those located initially in region 1. Consider again Figure 3.5. In
order for those entering region 1 to achieve as high a utility level as
the initial land owners, it would be necessary to increase the income of
each from!l to I+A. Thus & ig a neasure of the dollar valuation of the
information. Note that AD=p. x. and BD=p.x.. Therefore the value of
information to each individual “initially [ocated in region 1 is:

*
A = (Pl - Pl)x1

Aggregating over the whole region, the total value of the information is
equal to the increase in the value of the land in the region

Unfortunately it is difficult to visualize how one might neke a
quantitative prediction of the extent of this revaluation wthout working
back to the underlying preferences. In a later draft we intend to
illustrate how this might be done for the Cobb-Douglas case

3.11 Precautionary Response to the Prospect of Information

Section 3.1 explores the value to an individual of receiving either
perfect or partial information about product quality prior to making
any consunption decisions. Consunption decisions were binding once made and
could not be altered if subsequent information about s arrived. It is
generally the case, however, that once an individual (or society) does
choose to acquire additional information about some good it takes some
time to produce it through experinentation and research. In the neantine
current consunption decisions must still be nmade, although future consunp-
tion plans may be appropriately revised upon receipt of the experimenta
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